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Abstract 

We investigate the Miura map between the dispersionless KP and dispersion- 
less modified KP hierarchies. We show that the Miura map is canonical with 
respect to their bi-Hamiltonian structures. Moreover, inspired by the works 
of Takasaki and Takebe, the twistor construction of solution structure for the 
dispersionless modified KP hierarchy is given. 



I. INTRODUCTION 



The dispersionless KP hierarchy(dKP) ]!]-§[ can be thought as the semi-classical limit 
of the KP hierarchy 0. There are many mathematical and physical problems associated 
with the dKP hierarchy and its various reductions, such as Whitham hierarchy, topological 
field theory and its connections to string theory and 2D gravity []I|,|8|-|12[ . Similarly, the 



dispersionless modified KP(dmKP) hierarchy [ 13 1 can be regarded as the semi-classical limit 



of the modified KP (mKP) hierarchy [|I4| , |T5| . However, in contrast to dKP, the integrable 
structures of dmKP are less investigated. This motives us to study the relationships between 
dKP and dmKP and to gain an insight of dmKP from dKP. 



The Miura map [|16|] has been playing an important role in the development of soliton 
theory. It's a transformation between two nonlinear equations, which in general cannot be 
solved easily. However, knowing the solutions of one of the non-linear systems, one may 
obtain the solutions of the other one via an appropriate Miura map. A typical example is 
the Miura map between the KP equation and the mKP equation fI7|-|2"2fl . Motivated by the 



Miura map between the KP equation and the mKP equation, we will construct the Miura 
map between dKP and dmKP. (In P5 |, this Miura map is constructed in different way.) 



Moreover, since almost all the known integrable systems are Hamiltonian, exploring the 
Hamiltonian nature of these Miura maps will deepen our understanding of these relations 
between these integrable systems. 

Recently, the canonical property of the Miura map between the mKP and the KP hi- 



erarchy has been investigated [22]. It turns out that the Miura map is a canonical map 



in the sense that the first and second Hamiltonian structures of the mKP hierarchy |]2^j25 



are mapped to the first and second Hamiltonian structures of the KP hierarchy. Since 
the bi-Hamiltonian structures of mKP and KP have their own correspondences in dmKP 
and dKP, thus we expect that the bi-Hamiltonian structures of dKP and dmKP are still 
preserved under the Miura map. We will show, in section 4, that it is indeed the case. 

On the other hand, the solution structure of dKP is also an interesting subject. To 
extend the tau-function theory in KP theory to the semi-classical one in dKP hierarchy 



and dispersionless analogue of Virasoro constraints |TT| , Takasaki and Takebe [j5| proposed 
twistor construction of the dKP hierarchy using the Orlov function, which can be regarded 
as the semi-classical limit of the Orlov operator in KP theory PB1E7[. Using the Miura map 



between dKP and dmKP, we can construct the Orlov function of the dmKP hierarchy and 
hence establish the twistor construction for dmKP. 

Our paper is organized as follows: Section II is background materials for dKP and dmKP; 
Section III is the Miura map between dKP and dmKP; Section IV proves the canonical 
property of the Miura map; Section V shows the twistor construction of the dmKP hierarchy; 
Section VI lists some unsolved problems. 

II. BACKGROUND MATERIALS 
A. dKP hierarchy 

Let's start with the KP hierarchy. The Lax operator of the KP hierarchy is (d = d x ) 
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L = d+J2u n+1 d- n 

n=l 

and the KP hierarchy is determined by the Lax equations (d n = §f-,£i = x) 

d n L = [B n ,L], (2.1) 

where B n = (L n ) + is the differential part of L n . The Lax equation ( |2.1| ) is equivalent to the 
existence of the wave function ^ kp such that 

d n ^! K p = B n ^> K p. 

Now for the dKP hierarchy, one can think of fast and slow variables or averaging procedures, 
by simply taking t n — > et n = T n (t\ = x, ex = X) in the KP equation 

1 3 

u t = -u xxx + 3uu x + -d~ l u yy , (y = t 2 ,t = t 3 ) (2.2) 
with d n — > e-^r and u(t n ) — > U(T n ) to obtain 

d T U = 3UU X + -^xVyy (2.3) 

when e — ^ and thus the dispersionless term u xxx is removed. In terms of hierarchies we 
write 

oo 

L e = ed + J2un+i{T/e){ed)- n 

n=l 

and think of u n (T / e) = U n (T) +0(e), etc. One then takes a WKB form for the wave function 
$ifP with the action Skp 

Now, we replace d n by e-^r and define P = dxSxp- Then e l d^ kp kp as e — > and 

the equation kp — ^kp implies 



x = p + j2u n+1 (T)p- n . 



n=l 



We also note from d n ^> kp = B n ^/ KP that one obtains d ^ p = B n (P) = (A n ) + , where the 
subscript (+) now refers to powers of P. The KP hierarchy goes to 

dP_ = dB n (P) 

dT n dX 1 ' 1 

Also, the Lax equation (|2.1|) goes to 

d n \ = {B n (P),\}, (2.5) 
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where the Poisson bracket {, } is defined by 

{HX,P), 9 (X,P)}= (2.6) 

Notice that both the equations ( [2.4| ) and ( |2.5| ) are compatible respectively, i.e, 
d 2 \/dT n dT m = d 2 \/dT m dT n , d 2 P/dT n dT m = d 2 P/dT m dT n , and they both imply the 
dKP hierarchy 

dB n (P) dB m (P) 



dT dT 

In particular, 



+ {B n (P),B m (P)} = 0. (2.7) 



Then (T 2 = y,T 3 = T) 



becomes 



and thus 



B 2 {P) = P 2 + 2U 2 , 

B 3 (P) = P 3 + 3U 2 P + 3U 3 . 



Uzx — 2^ 2Y ' 
2 

U3Y = -U 2 t ~ 2U 2 U 2 x 



1 2 

~U 2 YY = 7^{U 2 T — 3U 2 U 2 x)x- 



This is the dKP equation Q (U 2 = U). 

In summary, we define the dKP hierarchy by 

A = ^ + ^ + ^ + "--, (2-8) 
d n X = {B n (P),X}. (2.9) 

Let us define the Hamiltonians H k = 1/kJ res(A fc ), where res means the coefficient of P -1 , 
then the bi-Hamiltonian structure of dKP (|2.9| ) is given by |28|JT^ 

d\ 

— = {H k , X} = e i2 \dH k ) = QW{dH k+1 ), k = 1, 2, • - • 
<J± k 

where the Hamiltonian one-form dH k and the Hamiltonian maps 

e(i) 

are defined by 

e^(tZflfc) = A{A,dP fc }+ - {A, (XdH k ) + } (2.10) 

+{A,y res{A,d# fc }}, 

QW(dH k+1 ) = {X,dH k+1 } + - {A, (d# fe+1 )+}, 
the third term of (|2.10| ) being Dirac reduction for JJ\ — 0. 
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B. dmKP 

The Lax operator of the mKP hierarchy is defined []n| by 

K = 8 + v + v^" 1 + v 2 d~ 2 + ■■■. 
which satisfies the Lax equations 

d n K=[Q n ,K], (2.11) 

where Q n = (K n )>i means the part of order > 1 of K n . Also, the Lax equation ( |2.11| ) is 
equivalent to the existence of wave function ^ m KP such that 

K^mKP = ^mKP, 
dn^mKP = Qn^mKP- 

To obtain the dmKP hierarchy, similarly, one takes t n — > et n = T n (ti = x —>■ et\ = X) in 
the mKP equation 

1 3 3 3 

v t = ~^xxx ~ ^v 2 v x + -v x d-\ + -d~ l v y y, (2.12) 

with d n — > ed/dT n and v{t n ) — > V(T n ) to get 

V T = ~V 2 V X + ^V x d^Vy + I&Vyy, (2.13) 

when e — > . Thus, the dispersionless term v xxx is removed, too. In terms of hierarchies, 
we write 

K € = ed + Vl {T/e){ed)- 1 + v 2 {T/e){ed)' 2 + ■■■ 

and think of v n (T/e) = V n (T) + 0(e). One then takes a WKB form for the wave function 
^mKP with the action S m Kp- 

^mKP = exp(-S mKP (T,ii)). 

Now we replace d n by ed/dT n and define P = dxS m KP- Then e l d x ^ m KP — ► P l ^mKP as 
e — > and the equation K^ m kp = fi^ m KP yields 

oo 

ll = p + j2v n (T)p- n . 

n=o 

From d n ^ mK p = Qn^mKP, one obtains dS mK p/dT n = Q n (P) = (/i n )>i, where the 
subscript > 1 refers to powers > 1 of P. The dmKP hierarchy goes to 

dP_ = dQ n (P) 
dT n OX ' 

It also can be written as the following zero- curvature form 
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»|j2-$%p +{ c(na.(p)} = o, 

where the Poisson bracket is defined by Q2.6Q. In particular, 



Q 2 (P) = P 2 + 2PV , 

Q 3 (P) = P 3 + 3PV + P(Vi + W 2 ) 



Then the equation(T2 = Y, T3 = T) 
becomes 



{Q 2 (P),Q 3 (P)} = 0, 



Vix=\v oy -*~{V*) x , (2.14) 
Vl y = 2V 0T - 3V V 0Y - 2V 1 V 0X - 

which implies the dmKP (^T3|) (V Q = V). 

In summary, we write the dmKP equation as 

V = P + Vo + ^ + jk + ---, 
d nf i = {Q n (P), f i}. (2.15) 

If we define the Hamiltonians as H k = | / res(//), then the bi-Hamiltonian structure of 
is described by @ 



{F fc ,/i} = J (2 \dH k ) = jW{dH k+1 ] 



where 



J (2) (d# fe ) = ti{fi,dH k }>^ - fa (/wZiZ*)>i}, (2.16) 
J {1 \dH k+l ) = {//, d# fc+1 }>_ a - {fi, {dH k+1 )>{\. (2.17) 



III. DISPERSIONLESS MIURA MAP 



It has been shown [|T~T| |22[| that there exists a gauge transformation (Miura map) between 
the Lax operator L of KP and the Lax operator K of mKP, namely, 



K = §- l {t)L§{t), 
where $(t) is an eigenfunction of L, i.e., 

d n $ = (L") + $. 



(3.1) 



(3.2) 
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One generalizes this result to dispersionless limit case. 
Let 

C = P m + a m „ 1 P m ~ 1 + a m _ 2 P m - 2 + --- + a + ^- + ^ + ---, 

F F z 

where a m _i, a m _2, • • • , ao, a-i, a_2, • • • are functions of T = (Ti = X, T 2 , T 3 , • • •). Also, we 
suppose 0(T) (independent of P) is any function of T. We define 

I = e-^^C, 
= C - {0, £} + ^{0, {0, £}} - i{0, {0, {0, £}}} + • • • 



where the Poisson bracket is defined by (2.6). Since is independent of P, a simple calcu- 
lation gets 

OO 1 

£ = E -r(0x) n ^£. (3.3) 

n=0 



Lemma 1 Lei C be defined as above. Then 

C>i = e ad<?i (£>o) — £>o|p=0x> 

w/iere 

£>o|p=0 x = 0x + a m _i0^ _1 H h ai0x + ao- 



Proof. From (|3.3| ), one knows that £>o comes from the polynomial part of C. Hence 



£>1 — £>0 ~~ Ah 

= e"^(/:>o)-e-^(£>o)|p = o. 



Using (|3.3|), one knows 



OO 1 

e- ad *(£> )\p=o = E ^0x(dp£>o|p=o) 



„=o™ ! 

OO J 

E -r</>xKn!), 

0^ + fl™-!^" 1 + a m _ 2 0^~ 2 + • • ■ + ai0 x + ao, 



— £>o|p=</>x- 

This completes the lemma. □ 

Lemma 2 e^ ad<t> {f(T ) P),g(T, P)} = {e^ f(T, P), e~ ad(t> g(T, P)} . 
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Proof. 



OO 1 

r-h.s.= -rrWm^ff}, 

OO 1 

= E —^{Wfwgh 

= E^E ™ {^srrf. 

m =0 m! n=0 V " / 

= e- a ^{/,^} = Z.^.s. □ 



Theorem 3 Let £ be defined as above. Then 

C Tq - = e~ ad \L Tq - {(£«)+,£}) - {<j> Tq - (£ q )+\ P=<i>x ,£}, 

where the subscript T q means d/dT q . 
Proof . Using ( |3.3| ), we have 

F)C f) 2 rh 00 1 

_ -ad4>^_ , ( \ V — cb n cl n+1 £ 

~ 6 dT q +{ dT q dX } to^ XP ' 

= e- ad *^--{<J> Tq ,e- ad <i>£}. 

Then, by Lemmas 1 and 2, we have 

£r, - {(&)>!,£} = e- ad H£ Tq ~ {0r 9 ,£}) - {e- ad Hn + ~ {C q ) + \ P =^e- ad t>£}, 
= e~ ad \L Tq - {(£«)+,£}) + {{C q ) + \p=* x ~ H^}- 

This completes the theorem. □ 
Corollary 4 Let 

C = P A In -A i _|_ . . . 

and suppose that Ui(T) satisfy the dKP hierarchy (\2.d{) (X = C) and (j)(T) satisfies the 
equation 

H = (/: n ) + |p= 0x . (3.4) 

TTien £ = e~ ad( ^ L will satisfy the draKP hierarchy ($.13j) (\i = £). 
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Proof. Obvious. □ 

From the corollary, one calls the map 



C -> e~ ad *C (3.5) 

the dispersionless Miura map between dKP and dmKP. It's because one can think the map 
fl3.5| ) as the dispersionless limit of equation ( |3.1| ) and, moreover, the equation fl3.4| ) can be 
regarded as the dispersionless limit of equation ( |3.2| ). As in the case of KP and mKP, the 
dispersionless Miura map gives rise to a transformation between dKP and dmKP in terms 
of "dispersionless" eigenfunction 0(T). If one assumes that 

Vi Vo V* 
£ = P + V ° + ^ + jk + jk + ---> 

then, after some calculations, one gets 



>x 



Vo 

Vx = U 2 , (3.6) 

V 2 = U 3 + <f) X U 2 , 

V 3 = U 4 + 2 ( f> x U 3 + ( j ) 2 x U 2 , 

V 4 = U 5 + ^ X U A + 3(j) x U 3 + cj) x U 2 , 



n-l 



V n = E ( 71 / J PxUn+l-i, Tl > 1. 



,=0 V 1 



Finally, it is well known that Miura-type transformations between ( ^.2[ ) and (|2.12p are 

3 

3 

u 2 = - (-v 2 + v x + d^Vy). 

In the dispersionless limit, the term v x is removed and we obtain the only transformation 

U = l(-V 2 + d x 1 V Y ). (3.7) 

Notice that we can also obtain the equation (|3.7|) from (|2.14|) and (|3.6|) . Furthermore, 
since the term corresponding to v x is removed, this would explain why we cannot find the 



auto-Backlund transformation of the dKP hierarchy as one did in the ordinary case [21 . 



IV. CANONICAL PROPERTY OF THE MIURA MAP 

Having constructed the dispersionless Miura map between the dKP hierarchy and the 
dmKP hierarchy in the Lax formulation, which provides a connection of solutions asso- 
ciated with dKP and dmKP, we next would like to investigate the canonical property of 
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the Miura map. As we have seen that both dKP and dmKP hierarchies equip a compati- 
ble bi-Hamiltonian structure, thus it is quite natural to ask whether their bi-Hamiltonian 
structures are still preserved under the Miura map. 

To proceed the discussion, it is convenient to rewrite the dispersionless Miura map as 



G : fi(T, P) -> A(T, P) = e a ^ (T) /i(T, P) 



(4.1) 



where A and fi are Lax operators of the dKP and dmKP hierarchies respectively and the 
function <f>(T) = J x Vq is independent of P. In the following, the symbols A, B and C will 
stand for arbitrary Laurent series without further mention. 

Lemma 5 e -"d<t-(T) e adcf>(T) A = A 
Proof . By definition, 

oo (_-i\n 

e -ad4(T) e ad4>{T) A = e _ad*(T) £ LJL^ngn^ 



n=0 



nl 



oo oo / i \n 

E E -zjzr<t>x +n dp +n A, 



m=0 n=0 
oo j 



mini 



m=0 



ml 



n=0 



m 
n 



□ 



Lemma 6 e~ ad ^(AB) = (e^^A)^' 
Proof . 



(1A 



e _ad *(AB) = ^{d n P {AB) 



n=0 

oo 



E 

n=0 

oo 

E 

n=0 



E 

_m=0 



(^A)(^- m 5) 



m 

71 1 



^ ml{n-m) 



m=0 



m! 



n=0 



n! 



= (e _ad *A)(e _ad *.B). □ 



Lemma 7 / res(A{5, C}) = / res({A, B}C) 
Proof . 



l.h.s. 



res 



res 



A 



'dBdC dBdC^ 



dP dX dX dP 



r.h.s. 



-^-(a™)c + -?-(a™)c 
dx[ A dp) c + op { dx) c 

□ 
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To investigate the canonical property of the Miura map (|4.1|) we shall first construct the 
tangential map between the tangent spaces (to which SX and 5[i belong) of the corresponding 
phase space manifolds. 

Theorem 8 For the Miura map G, the linearized map G' and its transposed map G'^ are 
given by 

G' :B -> e ad ^B + { j* 6 , A}, (4.2) 
G ,f : A -> e ~ ad ^ T) A + P' 1 J* res{A, A} (4.3) 

where b = (B) and f is the transposed operation defined by J res(AG'B) = J res((G^A)B). 

Proof . Let B = 5fi be an infinitesimal deformation of the Lax operator /i, then under 
the Miura map G we have 



fi + B ^e ad ^ + f Xbo) {(i + B), 

= e ad< V + e ad4, B + { J X b , A} + 0[B 7 



which implies the linearized map Q4.2| ). On the other hand, using Lemmas 5-7 and the fact 
res(e ad?i v4) = res (A) we have 

J res(AG'B) = J res(A(e a ^5)) + J ies(A{ j b ,\}), 

= J res((e- ad *A)B) + J b J* res{A,\}, 

= Jres((e- ad *A)B) + J res((P" 1 J* res{A, \})B) 

where we have used integration by part and bo = res(BP^ 1 ) to reach the last line. Comparing 
the last line with / ies((G A A)B) we obtain flO)) . □ 

Now we are in a position to investigate the canonical property of the Miura map. 

Theorem 9 The Miura map G maps the bi-Hamiltonian structure of the dmKP hierarchy 
given by and to the bi-Hamiltonian structure of the dKP hierarchy given by B'- 1 *' 
and G)( 2 ) respectively, i.e., they are related by 

@(i) = G 'jW G '\ (4.4) 

0(2) = G 'J(2)Q^ (4.5) 

where G' and G'^ are transformations defined in Theorem 8. 



Proof . To prove the first structure, let us act the right hand side of Q4.4p on an arbitrary 
Laurent series A, then G'J^(G' ] A) = G'B where 

B = jW(G*A), 

= {n,G*A}>- 1 -{ f i, (G? 4 A)>i}, 

= e~ ad * ({A, A} + - {A, A + } + {A, (er°*>A) }) , (4.6) 
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and thus 



J b = J (B) = (e-^A^. (4.7) 
Substituting ( P~ED and (|4T7| ) into Q) we have 

G"J (1) (G""U) = e^-B + {( e - a ^v4) , A}, 

= { A, A} + - {A, A + } = 9 (1) (A) . 

This completes the first part of the proof. For the second Hamiltonian structure, using 
( CT ) and Q we have 

S = j( 2 )(G" f A), 

= {/i, G*A}+n - {/i, (/iG" f A) + } + {/i, (/iG" t A) } + nP-hesin, G' ] A} (4.8) 



where each term in ( |4.8j ) can be calculated as follows: 

(1) =e-^({A,A} + A), 

(2) = -e- ad * ({X, (AX) + } + {A, f res{A A}}) , 

(3) = e** ({A, (e-^(AA)) } + {A, J* res{A, A}}) , 

(4) = 0. 

B = (1) + (2) + (3) + (4), 

= e"^ ({A, A} + \ - {A, (AA) + } + {A, ( e -° d *(AA)) }) , (4.9) 

j\ = (e- a ^(AA)) o + J X res{A,\}- (4.10) 
Substituting (g]| and fliloD into O we get 



Then 



and 



G"J (2) (G" f A) = A{A, A} + - {A, (XA) + } + {A, |* res{A, A}} = 6 (2) (A). 
This completes the theorem. □ 

V. SOLUTION STRUCTURE OF DISPERSIONLESS MKP 

In HI! , it is shown that the twistor construction exists for the solution structure of dKP 
hierarchy. Based on the dispersionless Miura map described in Section III, we can also find 
a similar twistor construction for solution structure of dmKP. This is the purpose of this 
section. 
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First of all, let's recall the twistor construction of dKP in ]5]|§. Here we change slightly 
the symbols used in those papers. Let's consider the dKP ( p.9|) . It can be shown that there 
exists a Laurent series if>(T, P) (dressing function) such that 

A = e adlf) (P), 

where ip(T, P) has the form 

oo 

V(T,P) = J2MT)P~ n . 

n=l 

Such Laurent series ip(T,P) is not unique up to a constant Laurent series Y^Lq c iP~ 1 - The 
Orlov function of dKP is by definition a formal Laurent series 

oo 

M = e^iY.nTnP"- 1 ). 

n=l 

It's convenient to expand M. into a Laurent series of A as 

oo oo 

M = J2 nT n \ n ~ l + hi{T)\-\ (5.1) 

n=l i=l 

It can be also shown that the series Ai satisfies the Lax equation 

dM 



and the canonical Possion relation 



{B n} M} (5.2) 



{\,M} = 1. (5.3) 

To get the solution structure of dKP hierarchy, let's consider a pair of two functions 
(f(P,X),g(P,X)) such that they are arbitrary holomorphic functions defined in a neigh- 
borhood of P = oo except at P = oo itself. Then we have the following fact (twistor 
construction of dKP hierarchy). 
Fact:(K.Takasaki and T. Takebe, [§) Suppose 

(i) A and M has the form and Q . 

(ii) f(P,X) and g(P,X) described as above satisfy the canonical relation 

{f(P 1 X),g(P,X)} = l. (5.4) 
Then the following functional equations(in P) 

f(\,M)<- 1 = ( 7 (A,A<)<_ 1 = (5.5) 



will imply equations (|2.9| ), ( |5.2|) and (|5.3j ), i.e, the pair (A,.M) gives a solution of dKP 
hierarchy. We call (f(P, X), g(P, X)) the twistor data of this solution. | 

Conversely, each solution of dKP hierarchy possesses a twistor data corresponding to 
the solution, i.e, if (A, M.) is a solution of (|2.9|) , ( |5.2|) and (|5.3j ), then there exists a pair 
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(f(P,X),g(P,X)) which satisfies (U) and flPP . In fact, if we let e ad ^ T > p ^ be the dressing 
operator corresponding to (A, Ai), then the twistor data (f,g) of this solution will be 

f(P,X) = e -^o(X,P)p^ 

g(P,X) = e- adMX ' p) X, (5.6) 

where rfa^X, P) = = X, T 2 = T 3 = T 4 = • ■ ■ = 0, P). 

Next, we consider the dispersionless Miura map ( |3.5| ) from dKP to dmKP. Let us define 



M = e~ ad ^ T) M. (5.7) 
Then fi satisfies dmKP hierarchy (Theorem 3) and from Lemma 2 we have 

{^M} = 1. (5.8) 
Morever, a similar argument of Theorem 3 can also show that 

dM 



{Q n (P),M}. (5.9) 



Now, we want to construct a pair of twistor data (f(P,X),g(P,X)) corresponding to /i 
and M. defined in 



Theorem 10 Let (A, M.) be a solution of ^2.i\ ), ( \5.Q ) and (\5.3j and is defined by the 



Miura map ( \5. ty . If we define 



f(P X) = e - ad ^o(X,P) e ad(f> (X) p 

g(P,X) = e -^Mx,P) e ad< t>0 (x) x = g(p^X), 



where ip (X,P) is defined in ( \5.o\ ) and 4>o(x) = 4>(Ti = X, T 2 = T 3 = • • • = 0), (obviously, 
we have {/, g} — 1.) then 

f(ji,M)< = 0, 
g(n,M)<-i = 0. 

Proof. For convenience, we let T = mean T 2 = T3 = T4 = • • • = 0. Since 

A(T = 0) = e a *?, 
M(T = 0) = e a<#0 X, 

then we have 

/i(T = 0) = e- a ^°A(T = 0) = e - a ^°e a ^°P, 
M{T = 0) = e- ad,t,0 M(T = 0) = e -* e *I. 

Therefore, by the Lemma 5 and assumptions, we have 
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/(//(T = 0),M(T = 0)) = e- adet>0 e ad ^f{P,X), 
g{fi{T = 0),M(T = 0)) = e - a#0 e a ^°^(P,X), 

-ad<j>o O adipo ( a — adipo O ad<f>o j£\ _ 



Now, we prove that /(/x, A / i)<o = 0. Since /z and .M satisfy equations (|2.15|) and ( ^9| 
respectively, we have 

a ^^ ={Qn(P) , K ,,M)}. 



dT, 



n 



Using (|5.10|) , we see that df(fi, M) / dT n \T=o will only contain powers > 1 of P. In this way, 
we can prove, by induction, that (d/dT) a f([i, M)\t=o, i-e, coefficients of Taylor expansion 
at T = 0, will only contain powers > 1 of P for any multi-index a. Thus, we have proved 
that f(fi,M)<o = 0. As for g(fi, M)<-\ = 0, we notice that the powers of P of {Q n (P),X} 
are > 0. Then it can be proved in the same way. □ 

This theorem shows the possibility of twistor construction for the solution structure of 
dmKP without using dispersionless Miura map. Indeed, we have the following main theorem 
of this section. 



Theorem 11 Let 



» = P + Vo + i + fi + 



M dmkp = J2 nT n ^~ l + ]T SAT)^ 

n=l i=l 

(■Mdmkp can be defined as the Orlov function of dmKP). Suppose that 

{f(P,X),g(P,X)} = l. (5.11) 
Then the functional equations 

f((l, Mdmkp)<0 — 0, 
g(/I, Mdrnkp) <-i = (5.12) 



can get a solution of 



dT n -Mdmkp = {Q>i(P), -Mdmkp}, 
{/i, Mdmkp} = 1- 



Proof . For convenience, we let 



/i = f{ll, Mdmkp), 
Mdmkp = g{H, Mdmkp)- (5.13) 
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We first derive the canonical Poisson relation. By differentiating the last equations with 
respect to P and X, we have 



df{fl,Mdmkp) 9f{^,Mdmkp) 

dfj, 9M dmkp 

dg(fj.,Mdmk P ) dg(fj,,M dmkp ) 
d/j, 9M dm ,k P 



dfi dfi 
a .d.P „.dX 

OMdnkp dmkp 



dP 



ax 



dfi dfi 
dP 9X 

dMdnkp dMdmkp 



(5.14) 



dp 



dX 



Since the determinant of the first matrix on the left hand side is 1 because of Q5.ll ), the 
determinants of both hand sides give 

{fJ, Mdmkp} = {fJ, Mdmkp}- 

One can calculate the left hand side as 

dfj, dM dmkp dMdmkp dfj 



{fl, Mdmkp} 



dP 
dfj 



dX 

dMdmkp 



dP dX' 




Si(T) fixed 



dfj 
dX 



+ 1 



^dSi(T) 



i=l 



dX 



dfj 
dP' 

Si(T) fixed u 

= 1 + {negative powers of P) 
where we have used the fact that the terms containing ( 9M < lmk p ) [ n the last line 

to V dfi J S .(r) fixed 

cancel. Moreover, the Laurent expansions of fj and Mdmkp contain only non-negative powers 
of P because of the functional equations ( |5.12| ). Therefore strictly negative powers of P in 
the last line should be absent, thus 



{ft, Mdmkp} = {fj, Mdmkp} = 1. 



(5.15) 



This gives the desired canonical Poisson relation. We now show that the Lax equation 
for fj and Mdmkp are indeed satisfied. Differentiating equations ( |5.13| ) with respect to T n 
gives 



df{fl,Mdmkp) 9f(fl,Mdmkp) 

d/i dMdmkp 

dg(n,M dmkp ) dg(fj,,Mdmkp 
dfi dMdmkp 




dfi 

dM dm kp 

dT n 




(5.16) 



Combining equations fl5.14j ) and ( |5.16 ), one can eliminate the derivative matrix of (/, g) 
by (fi, Mdmkp) and obtain the matrix relation 



dfi 

dP 

dMdnkp 

dP 



djj, 
dX 

dMdmkp 

dX 





t dfi 




n 








"■Mdmkp 


)-( 




\ dT n 





dp, 


dfi \ 




/ dfi 


dP 


£>X 


f 


§T„ 


dMdnkp 


dMdmkp 




dMdmkp 


dP 


dX / 




\ dT n 



Since the the determinants of the 2x2 matrices on both sides are 1 because of ( |5.15| ), 
the inverse can also be written explicitly. In components, thus, the above matrix relation 
gives 
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dM 



dmkp 



dpi dp, dM 



dmkp 



dM dmkp dpi djl dM 



dmkp 



dX dT n 
dMdmkp dpi 



dX dT n 
dpi dMdmkp 



dX dT n 
dMdmkp djx 



dX dT n 
dfi dMdmkp 



dP dT n dP dT n 



dP dT„ dP dT„ 



(5.17) 



The left hand side of equation ( |5.17| ) can be calculated just as we have done above for 
derivatives in (P, X). For the first equation of (|5.17|) , 



dM 



dmkp 



dpi dpi dMd, 



dmkp 



dX dT n 

' dMdmkp \ 



dX dT n 



dp, 
dX 



dfx 

I dMdmkp 



dji | 1 | j^ dSjjT) ^ 

Si(T) fixed 9X t=l 9X 



dfx 



dT n 



and terms containing ( dM ^ mkp 



dMdmkp dpi 



Si(T) fixed 

cancel. Thus, 



i=l 



dX 



Si(T) fixed 

dpi dMdmkp 



d{pi r 



dX dT„ dX dT n 



dX 



+ {powers of P < 0). 



By the functional equations ( 5.12|) , we know that the right hand side of the first equation 
of (|5.17|) has Laurent expansion with only powers of > 1. Therefore only powers of P > 1 
should survive. Hence 



dM 



dmkp 



dpi dpi dMdmkp _ d(pi n )>i 



dX dT n dX dT n dX 
For the second equation of ( p . 1 7| ) , we have similarly 
dMdmkp dpi dpi dMdmkp _ d(pi n 



dQn 
dX 



(5.18) 



dP dT n dP dT n 



dP 
d(/i n )>i 
dP 



+ {negative powers of P), 
+ {negative powers of P). 



By the functional equations (|5.12| ), noticing the partial derivative dj dP, we see that the right 
hand side of the second equation of (|5.17|) have Laurent expansion with only nonnegative 
powers of P. Hence only nonnegative powers of P should survive. 
Thus 

dMdmkp dpi dpi dMdmkp d{pi n )> l dQ n 



dP dT„ dP dTr, 



d{pi n ): 
dP 



dP 



(5.19) 



Using (|5.15|) , equations (|5.18| ) and (|5.19|) can be readily solved: 



dpi 

dMdmkp 

dT„ 



dp, dQ n dpi dQ 



+ 



dP dX dX dP 



{Qn,P>}, 



dM dmkp 

dQ n dM dmkp 

dQ 

n 

dP dX dX dP 



{Qn, Mdmkpf- 



This completes the theorem. □ 
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VI. CONCLUDING REMARKS 



We have studied the Miura map between the dKP and dmKP hierarchies. We show that 
the Miura map not only preserves the Lax formulation of these two hierarchies but also is 
a canonical map in the sense that the bi-Hamiltonian structure of the dmKP hierarchy is 
mapped to the bi-Hamiltonian structure of the dKP hierarchy. We further use the twistor 
construction developed by Takasaki and Takebe to investigate the solution structure of the 
dmKP hierarchy. 

In spite of the results obtained in the paper, there are some related problems deserve 
further investigations. We list some of them in the following. 

(1) In |p9 , it is shown that the second Hamiltonian structure of dKP has free field 
realizations. Since the Miura map is canonical, this suggests the possibility of free field 
realizations of second Hamiltonian structure of dmKP |30 



(2) In [51], we know that bi-Hamiltonian structure of Dubrovin-Novikov (DN) type |£J has 
geometric structure of Frobenius manifold [K|. A natural question is : what's the geometric 
meaning of the Miura map between bi-Hamiltonian structures of DN type? 

(3) The dmKP theory should be investigated without using Miura map. The quasi-classical 
r-function for dKP has been established in ||, |11] , 12| . The basic question for dmKP theory 
is : Does the quasi-classical r-function theory exist ? We notice that the Hirota bilinear 
equations for KP and mKP are essentially different [14]. Also, in M, the dispersionless 



Hirota equation for dKP is obtained. Is there an analogue for dmKP 
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